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Motivation

Most methods for solving MDO problems are based on heuristics

Anecdotal evidence indicates that some methods work better than others

Limited computational evidence exists
— E.g., MDO Method Evaluation Study at LaRC

This is a mathematical study that examines the reasons
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MDQO method components

e The problem:

— Improve or optimize several objectives, subject to satisfying a set of
design and physical constraints (some represented by disciplinary
analyses, i.e., state eguations)

e Problem solution technigues comprise two major elements:

— Formulation

x Pose the problem as a set of mathematical statements
* Analyze equivalence to original problem, sensitivity of solutions to
perturbations

— Algorithm

x Solve the formulation
*x Analyze global and local convergence, iteration costs
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Two problem formulations are equivalent if

1. Solutions sets are equivalent

e If a vector of design variables solves one formulation, does it, suitably
transformed, solve the other, and conversely?

2. Algorithmic implications are identical

e Examples of formulation features that have algorithmic implication:

Problem structure

Optimality conditions

Constraint qualifications

Problem size

Sensitivity computations

Sensitivity of solutions to perturbations
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lllustration: three MDO formulations

Basic formulation

System Optimization
T minimize objective

objective 5.t design constrainks design variables

consiraints

Interdisciplinary
coupling

Analysis

(MDA)

Analysis,

Not equivalent to basic formulation

System Optimization

Equivalent to basic formulation minimize objective _ _
5.t interdisciplinary consistency constraints

System Optimization
minimize objective 4
s.t. design constraints ¥ ¥
interdisciplinary consistency consiraints S ubsystem Optimization S ubsystem Optimization
¥ minimize inconsistency minimize inconsistency
5.t disc. constraints s b disc. constraints

v v
Analysis, Analysis x 1

Analysis, Analysis
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Basic formulation for a two-discipline problem (simplified)

minimize f(s,Rl(u1(S,l1))aRz(uz(sal2)>>

8,l1,l2
SUbjeCt to (451 <S, ll,ul(s, l1)> Z 0
gz(s,la,uz(s,l2)) >0,

where, given(s, l1,13), (u1,u2) is the solution of the MDA

Aq (s,ll, uy(s,ly), Ty (u2(s, l2)>> = 0

As (s, la, uz(s,l2), To(u1(s, l1)>> = 0

s - shared variables,l; - local variables, R;, T; - variable transformations.

e Amenable to standard NLP algorithms
e The smallest optimization problem
e Can be efficient and may be necessary

e MDA difficult to implement and expensive to use
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An equivalent formulation

minimize  f (s, Ry (u1(s,l1,u12)), Ra(uz(s,l2, uz1) ))

s,li,la,uq2,u21

subject to g1 (s,ll,ul(s,ll,ulz)) >0
g2<s,l2,u2(s,l2,u21)) >0
u1z — Th(uz2(s,l2,u21)) =0
ugzy — 1> <U1(87l1,U12)> = 0,

where, given(s,ly,1l3,u12,u21), u; andus are solutions of independent

A <87 li,ui(s,l1,u12), U12> = 0

Az (s, l2,uz(s,l2,u21),u21) = 0.

e Retains analytic properties of the basic formulation
e MDA attained at solution, not at every iteration

e A larger optimization problem
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A non-equivalent formulation (a CO, version)

Ti[]imize I (S, Ry (u1(s,u12)), Rz (us2(s, U21)>>
subjectto ci(s,u12) = || o1 — s ||2 + || Th(uz) — ©12 ||2
c2(s,u21) = || o2 — s ||* + || Te(ur) — uzy ||?

c; - Interdisciplinary consistency constraints

o;(s,u;;) l;(s,u;;) are computed by

minimize || o; — s || + || Ti(w;(04,1;)) — ugj ||

Oi,l;

subjectto g; (o, L, ui(os,1;)) >0

In the disciplinary subproblems w; are computed via

Ai(oi, i, ui(og, Ly ugg),uij) =0
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Salient characteristics of the non-equivalent formulation

Solution set is equivalent to that of the basic formulation
MDA is not attained until solution

Nonlinear, nonconvex, bilevel programming problem

Features that will cause difficulties for optimization algorithms (and exist
even if the functions of the basic formulation are perfectly well behaved):
System-level constraints make it difficult to find feasible points
System-level constraints may be, in a practical sense, discontinuous
Lagrange multipliers do not exist for the system-level problem
Optimization problems will be more nonlinear than the original problem
Derivatives of system-level constraints (C®) will be discontinuous

The difficulties occur at and near solutions of the system-level problem
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lllustration: World’s simplest problem
(e.g., a bar of fixed length and variable cross-section area under a longitudinal force)

minimize{s | 0 < s < 1}
On reformulating as CO, system and subsystem problems become
minimize  f(s)

subjectto ei(s) = 2| s—oai(s) ||*=0

c2(s) = 3l s —o2(s) |I° =0

1 1
min{_ || o1 — s I | &1 > 0} and min{_ || o3 — s 12 | o2 < 1}

One readily checks that the subproblem solutions are

() 0 fs<O () s Ifs<1
g1\8) = Oo(8S) =
' s Ifs>0 : 1 fs>1
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Example continued
Breakdown of the standard stationarity conditions in COz

Vei(s) =s—oi(s)andats, = o, Ve (sy) =0

Stationarity conditions: there exist A; and A, such that

VFf(ss) +A1Ver(sy) + A2Vea(se) =0

But Vf(s.) + A1Vei(ss) +A2Vea(s,) = Vf(sy) =1

Algorithms rely on the stationarity conditions for

— computing steps
— gauging progress

— making decisions about termination

Could start at a solution and not recognize it
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Example continued Results of NPSOL withs, = 0.001 and s.. = 0)
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1.000e-03
-9.99%0e-01
-9.847e-01
-8.282e-01
-4.142e-01
-3.430e-01
-1.718e-01
-1.436e-01
-7.251e-02
-6.076e-02
-3.203e-02
-2.717e-02
-1.727e-02
-1.442e-02
-1.414e-02

0.0e+00
4.2e+00
5.7e+00
7.4e+00
2.7e+01
59e+01
4.0e+02
8.2e+02
S54e+03
1.1e+04
6.5e+04
1.2e+05
5.1e+05
1.9e+06
4.7e+06
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Concluding remarks

Formulations are distinguished from algorithms
Formulations are equivalent if

— Solutions sets are equivalent

— Algorithmic implications are similar
Reformulating a problem can make it much harder to solve

Some objectives can be accomplished by an algorithm — no need to
complicate the problem formulation

Coupling must be resolved somewhere

If avoiding MDA is the goal, can use an equivalent alternative to the
basic formulation

Details — in the paper
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